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0 Introduction
@ Quantum quench
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Quenches in Bose-Fermi mixtures
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Quantum quench

If the initial state is not an eigenstate of H
o) # la) where Hla) = Eala) and  Eo = (| Hlvo),

then a few-body observable O will evolve following
O(r) = (W(r)|O(r)) where [i(7)) = e~ H™/gso).
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If the initial state is not an eigenstate of H
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then a few-body observable O will evolve following

O(r) = (W(r)|O(r)) where [i(7)) = e~ H™/gso).

What is it that we call thermalization?
O(71) = O(Ep) = O(T) = O(T, ).
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Quantum quench

If the initial state is not an eigenstate of H
o) # o) where Hla) = Eala) and  Eo = (yo|Hlto),

then a few-body observable O will evolve following

O(r) = ($(n)|OlY(r)) where [%(r)) = e A7/ Mysp).
What is it that we call thermalization?

O(1) = O(Ey) = O(T) = O(T, )

One can write

= Z C*,C, et Far=E)T/hg ,  where |1)g) = ZCa|a>.

[e%iNeY

Taking the infinite time average (diagonal ensemble ppe = 3, |Cal?|a){a|)

= lim —/ dr'( |O|‘I/ Z|C ‘ Oaa = >DE7

T—00 T

which depends on the initial conditions through C(Y = {a|tho)-
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o Introduction

@ Linked-cluster expansions, HTEs, and NLCEs
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Linked-Cluster Expansions

Extensive observables O per lattice site (©) in the thermodynamic limit
0= Z L(c) x Wo(c

where L(c) is the number of embeddlngs of cluster ¢
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Linked-Cluster Expansions

Extensive observables O per lattice site (©) in the thermodynamic limit
0= Z L(c) x Wo(c

where L(c) is the number of embeddlngs of cluster ¢ and Wy (c) is the weight
of observable O in cluster ¢

Wol(c) = O(c) — ZW@(S)

sCc
O(c) is the result for O in cluster ¢

Ol) = {0 AGC}
0 = et

Z?C Tr{expf(Hﬂf“Nﬂ)/kBT}

and the s sum runs over all subclusters of c.
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Linked-Cluster Expansions

@ In HTEs O(c) is expanded in powers of § and only a finite
number of terms is retained
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Linked-Cluster Expansions

@ In HTEs O(c) is expanded in powers of g and only a finite
number of terms is retained

@ In numerical linked cluster expansions (NLCEs) an exact diagonalization
of the cluster is used to calculate O(c) at any temperature
(Spins models in the square, triangular, and kagome lattices)
MR, T. Bryant, and R. R. P. Singh, PRL 97, 187202 (2006).
MR, T. Bryant, and R. R. P. Singh, PRE 75, 061118 (2007).

(t-d model in the square lattice)
MR, T. Bryant, and R. R. P. Singh, PRE 75, 061119 (2007).
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Linked-Cluster Expansions

@ In HTEs O(c) is expanded in powers of g and only a finite
number of terms is retained

@ In numerical linked cluster expansions (NLCEs) an exact diagonalization
of the cluster is used to calculate O(c) at any temperature
(Spins models in the square, triangular, and kagome lattices)
MR, T. Bryant, and R. R. P. Singh, PRL 97, 187202 (2006).
MR, T. Bryant, and R. R. P. Singh, PRE 75, 061118 (2007).

(t-d model in the square lattice)
MR, T. Bryant, and R. R. P. Singh, PRE 75, 061119 (2007).

@ Zero temperature NLCEs

(pinwheel distorted kagome lattice, material Rb2CuzSnF12)
E. Khatami, R. R. P. Singh, and MR, PRB 84, 224411 (2011).
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Linked-Cluster Expansions

In HTEs O(c¢) is expanded in powers of 5 and only a finite
number of terms is retained

In numerical linked cluster expansions (NLCEs) an exact diagonalization
of the cluster is used to calculate O(c) at any temperature

(Spins models in the square, triangular, and kagome lattices)

MR, T. Bryant, and R. R. P. Singh, PRL 97, 187202 (2006).

MR, T. Bryant, and R. R. P. Singh, PRE 75, 061118 (2007).

(t-d model in the square lattice)
MR, T. Bryant, and R. R. P. Singh, PRE 75, 061119 (2007).

Zero temperature NLCEs
(pinwheel distorted kagome lattice, material Rb2CuzSnF12)
E. Khatami, R. R. P. Singh, and MR, PRB 84, 224411 (2011).

Bipartite entanglement entropy of quantum models
(two-dimensional transverse field Ising model)
A. B. Kallin, K. Hyatt, R. R. P. Singh, and R. G. Melko, PRL 110, 135702 (2013).
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Linked-Cluster Expansions

In HTEs O(c¢) is expanded in powers of 5 and only a finite
number of terms is retained

In numerical linked cluster expansions (NLCEs) an exact diagonalization

of the cluster is used to calculate O(c) at any temperature
(Spins models in the square, triangular, and kagome lattices)

MR, T. Bryant, and R. R. P. Singh, PRL 97, 187202 (2006).

MR, T. Bryant, and R. R. P. Singh, PRE 75, 061118 (2007).

(t-d model in the square lattice)
MR, T. Bryant, and R. R. P. Singh, PRE 75, 061119 (2007).

Zero temperature NLCEs
(pinwheel distorted kagome lattice, material Rb2CuzSnF12)
E. Khatami, R. R. P. Singh, and MR, PRB 84, 224411 (2011).

Bipartite entanglement entropy of quantum models
(two-dimensional transverse field Ising model)
A. B. Kallin, K. Hyatt, R. R. P. Singh, and R. G. Melko, PRL 110, 135702 (2013).

Disordered systems
(spin-1/2 models with binary disorder in 2D)
B. Tang, D. lyer and MR, arXiv:1501.00990.
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Numerical Linked Cluster Expansions

Bond clusters
i) Find all clusters that can be

embedded on the lattice ¢ L)

1 1
2 2

3 2

JREIRSRER
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Numerical Linked Cluster Expansions

i) Find all clusters that can be No. of bonds  topological clusters

embedded on the lattice 0 1
i) Group the ones with the ; 1
same Hamiltonian (Topo- 3 5
logical cluster) 4 4
5 6

6 14

7 28

8 68

9 156

10 399

11 1012

12 2732

13 7385

14 20665
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Numerical Linked Cluster Expansions

i) Find all clusters that can be No. of bonds  topological clusters

embedded on the lattice 0 1

i) Group the ones with the ; 1
same Hamiltonian (Topo- 3 5
logical cluster) 4 4

iii) Find all subclusters of a > o
given topological cluster 7 o8

8 68

9 156

10 399

11 1012

12 2732

13 7385

14 20665
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Numerical Linked Cluster Expansions

i) Find all clusters that can be No. of bonds  topological clusters

embedded on the lattice 0 1

i) Group the ones with the ; 1
same Hamiltonian (Topo- 3 5
logical cluster) 4 4

iii) Find all subclusters of a : o
given topological cluster 7 o8

iv) Diagonalize the topological 8 68
clusters and compute the 18 ;gg
observables 11 1012

12 2732

13 7385

14 20665
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Numerical Linked Cluster Expansions

i) Find all clusters that can be

embedded on the lattice HEERIBeT ek 1o 2L

0 ——
i) Group the ones with the oo OMC 100x100
same Hamiltonian (Topo- 02| -—-- 12bonds g
logical cluster) —— 13 bonds
i)y Find all subclusters of a =04 i
given topological cluster
0.6 .
iv) Diagonalize the topological S
clusters and compute the ¢ .
observables 0.1 % 10
v) Compute the weight of each MR et al., PRE 75, 061118 (2007).
cluster and compute the di- B. Tang et al., CPC 184, 557 (2013).

rect sum of the weights
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Numerical Linked-Cluster Expansions

Square clusters

¢ Lc)
U 1 1

No. of squares topological clusters
I'T 2 m» 0 1
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Numerical Linked-Cluster Expansions

Square clusters Heisenberg Model in 2D
¢ L) 0 ——— —
. 1 1 o——e QMC 100x100
0.2 F -— - 12 bonds 4
I'T 2 m» — — 13 bonds
k-04 B
I:E:I 3 1 — — = 4 sites
o s == 5 sites
T -0.6 — - = 4 squares ]|
. 4 1 —— 5 squares
I—« -0.8 R o nnnnnd n nn o nnnnn
0.1 1 10

SR ;
MR et al., PRE 75, 061118 (2007).

B. Tang et al., CPC 184, 557 (2013).
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Resummation algorithms

We can define partial sums

O, = iSl, with S; = ZL(Q) X WO(CZ‘)

=1 Ci
where all clusters ¢; share a given characteristic (no. of bonds, sites, etc).
Goal: Estimate O = lim,,_,», O,, from a sequence {O,,}, withn =1,..., N.
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Resummation algorithms

We can define partial sums

O, = ZS“ with S; = ZL(C» X WO(CZ‘)
=1 Ci
where all clusters ¢; share a given characteristic (no. of bonds, sites, etc).
Goal: Estimate O = lim,,_,», O,, from a sequence {O,,}, withn =1,..., N.

Wynn’s algorithm:

1) _ 0) _ (k) _ (k=2) 1
e, ) =0, €n’ = Onp, En’ = Epr1 +A5£lk_1)

where Aelf™) = &0 _ (D),

n+1

Brezinski's algorithm [0S " =0, 0¥ = O,]:

(2k) A (2k+1)
p2E+1) _ g2k=1) | 1 p2k+2) _ p(2k) Al A0,
" " IR T T A2g kD)

k k k k
where A260%) — 6%, —29®) 4 o).
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Resummation results (Heisenberg model)

Energy (square lattice)

C, (square lattice)

T 0.6 T
o——o OMC 100x100 ~ o——o OMC
-02 Wynng S8 —— Wynn
— — = FEuler 04 — —— Euler -
.—.= ED 16 == EDI6
ED9

0.4
02 ]
0.6 - S
0.8 L o tZ
0.1 1 10 0.1 1 10
T T

MR, T. Bryant, and R. R. P. Singh, PRE 75, 061118 (2007).
B. Tang, E. Khatami, and MR, Comput. Phys. Commun. 184, 557 (2013).
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e Quantum quenches in the thermodynamic limit
@ Diagonal ensemble and NLCEs
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Diagonal ensemble and NLCEs

The initial state is in thermal equilibrium in contact with a reservoir
> e~ (BG—piNg)/Tr lac){ac|

zI -
la.) (EC) are the eigenstates (eigenvalues) of the initial Hamiltonian A/ in c.

N _ c_, Inprc
pg = , where ZcI = Ze (BEg—w ]\/va)/TI7

MR, PRL 112, 170601 (2014).
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Diagonal ensemble and NLCEs

The initial state is in thermal equilibrium in contact with a reservoir

g _ ge” FarrNI/ Mg ) al
Pc = ZI

lac) (ES) are the eigenstates (eigenvalues) of the initial Ham|lton|an Hlinc.

,  where Zfzze—(Eé—uIN;)/Tz

At the time of the quench Hg -~ H,, the system is detached from the
reservoir. Writing the eigenstates of H! in terms of the eigenstates of H.

/

1
APE = lim,, %OT’/O dr p(r ch |ae) (e

where D e_(Eg_MNg)/T,|<ac|ac>|2
Wa: ZI 9

la) (€2) are the eigenstates (eigenvalues) of the final Hamiltonian A, in c.

MR, PRL 112, 170601 (2014).
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Diagonal ensemble and NLCEs

The initial state is in thermal equilibrium in contact with a reservoir

g _ ge” FarrNI/ Mg ) al
Pc = ZI

, where Zz!= Ze—(ES—uIN;)/TI
lac) (E5) are the eigenstates (eigenvalues) of the initial Ham|lton|an Hline.

At the time of the quench Hg -~ H,, the system is detached from the
reservoir. Writing the eigenstates of H! in terms of the eigenstates of H.

/

1
APE = lim,, —>OOTI/O dr p(r ch |ae) (e

where D e_(Eg_MNg)/T,|<ac|ac>|2
Wa: ZI 9

la) (€2) are the eigenstates (eigenvalues) of the final Hamiltonian A, in c.

Using p2E in the calculation of O(c), NLCEs allow one to compute
observables in the DE in the thermodynamic limit.

MR, PRL 112, 170601 (2014).
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e Quantum quenches in the thermodynamic limit

@ Quenches in the t-V-t'-V’ chain (thermalization)
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Models and quenches

Hard-core bosons in 1D lattices at half filling (u; = 0)
L
I:I = Z —t (IA);[IA)H_l aF HC) aF V’fli’fli+1 - tl (ZA);[IA)H_Q aF HC) aF VITALZ'TALZ'_;,_Q
i=1

Quench: T7,t; =05, V; =15t =V/=0—-t=V =1.0,t' =V’
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Models and quenches

Hard-core bosons in 1D lattices at half filling (u; = 0)

L
I—:f = Z —t (BIBHJ aF HC) aF V’fli’fli+1 - tl (Ejih+2 aF HC) aF V,’fliﬁi+2
i=1

Quench: T7,t; =05, V; =15t =V/=0—-t=V =1.0,t' =V’

Convergence of EPE with
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Few-body experimental observables in the DE

Momentum distribution

~ 1 ik(5—7") ~
mk=zZe = p
73
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k
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Few-body experimental observables in the DE

Momentum distribution Differences between DE and GE
o LN kG- g > |(me)PE — (my)BE
e =) € Py’ 6(m); =

L ; Zk(mk)?g

0.7

T T T T T T T
Lo o9 o2
10 = 3

3 T1=2
0.6 10°f eer=V'=0 E
= ~ w8 '=V’=0.025
5 z SRS
£ s
= Initial 10° i
— = ’=V’=0, DE _—
— ’=V’=0,GE =
04 — r=y’=0.5, DE +'=V'=0.1
- I’ZV":O.S, GE 1 1 10-4 C ﬁot’:‘V’Z‘O.S 1 I 1 1 I ]
0 /4 2 3/4 T 10 11 12 13 14 15 16 17 18 19
k l

Marcos Rigol (Penn State) NLCEs for the diagonal ensemble February 23, 2015 16/26



e Quantum quenches in the thermodynamic limit

@ Quenches in XXZ chain from a Neel state (QA vs GGE)
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Failure of the GGE based on local quantities

XXZ (integrable) Hamiltonian

T T _x Yy _y z _z
H—J(Zdi0i+1+0i0i+1+AUi0i+1>

K2

Quench starting from the Neel state to different values of A > 1
Quench action solution differs from GGE based on local quantities:
B. Wouters, J. De Nardis, M. Brockmann, D. Fioretto, MR, and J.-S. Caux,

PRL 113, 117202 (2014).

B. Pozsgay, M. Mestyan, M. A. Werner, M. Kormos, G. Zarand, and G. Takécs,
PRL 113, 117203 (2014).
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Failure of the GGE based on local quantities

XXZ (integrable) Hamiltonian

H=J (Z 00 + 0’30’?_,'_1 =4 AUfo+1>
i

Quench starting from the Neel state to different values of A > 1
Quench action solution differs from GGE based on local quantities:
B. Wouters, J. De Nardis, M. Brockmann, D. Fioretto, MR, and J.-S. Caux,

PRL 113, 117202 (2014).

B. Pozsgay, M. Mestyan, M. A. Werner, M. Kormos, G. Zarand, and G. Takécs,
PRL 113, 117203 (2014).

Can we use NLCEs for ground states (pure states)?

Using the parity symmetry of the clusters:

o1
|ac>_—ﬁ(|...un...>+|...u¢¢...))
oy _ 1 .

|ac>_\/§(|...u¢¢...> | W)

Weelo = |(ag/°las/?)?
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Results for spin-spin correlations

§ 025F " ¢ ‘ y Ael . ‘ @7 . 02 \ ‘ i ‘ ‘ ‘ ©7]
ek AN /\ v/\\ © o5t AA_A A
< /M DE \/ © 0.1 s g/ a g a v

=8 GE Resum 0.05+ k4

_09 1 1 1 1 1 1 073 \E l-\. ? 1 E\ ? ?
_0.9567 T T T A:7 T T \(C) [ T T T T T T T |
e a2 AT A 094 /\ (€3]
¢ -0.958 S 092 f\ /\ AN
5 [ N : = = = g B—g 8
© 096F o o o S ¥ oo N o A
—0.962 1 1 1 1 1 1 1 1 1 1 1 1 1 1
T T T T T T T T T T T T T
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S o8 5 006 A A
o o . o o g \/ V4 N
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MR, PRE 90, 031301(R) (2014)
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Quench action, GGE, and NLCE

O]_]_ 1 1 1 1
7 9 1 1.01 1.02 1.03

5
A A

6(o103) = (0103)aae/(0103)an — 1

B. Wouters et al., PRL 113, 117202 (2014).
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e Quantum quenches in the thermodynamic limit

@ Many-body localization
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NLCEs for disordered systems

Hamiltonian with diagonal disorder
H=>"|-t(blb, +Hc)+V TOREE P I
_ L v g T2

binary disorder (equal probabilities for h; = +h).

B. Tang, D. lyer, and MR, arXiv:1411.0699.
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NLCEs for disordered systems

Hamiltonian with diagonal disorder
N cia H .1 . 1 b 1
H:Z —t(bibi+1+ C)—|-V ni—§ nH_l_i -+ n; ni—§
binary disorder (equal probabilities for h; = +h).
Disorder average restores translational invariance (exactly!)

O(c) = (TOp)

dis

where (-)ais represents the disorder average.

B. Tang, D. lyer, and MR, arXiv:1411.0699.
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NLCEs for disordered systems

Hamiltonian with diagonal disorder

. . N . o
H= Z [—t(b}bi+1 +Hc)+V (n _ 2) (m+1 _ 2) +h (n B 2)]
binary disorder (equal probabilities for 7; = +h).

Disorder average restores translational invariance (exactly!)

O(c) = (TOp)

dis

where (-)ais represents the disorder average.

Initial state: ¢t; = 0.5, V; = 2.5, h; = 0, and T (no disorder)
Final Hamiltonian: ¢t = 1, V = 2.0, and different values of h # 0

B. Tang, D. lyer, and MR, arXiv:1411.0699.
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Disordered systems and many-body localization

0.55

0.5r

~0.45¢-

041

0.35

Ratio of consecutive energy gaps

0.5 I 2 4 8

Ratio of the smaller and the larger of two consecutive energy gaps

: E
Tn = mln[én—h n—1

we compute r = ((rd),) 4.
Continuous disorder: h. = 3.5 [A. Pal and D. A. Huse, PRB 82, 174411 (2010).]
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Disordered systems and many-body localization

Ratio of consecutive energy gaps

Diagonal vs Thermal

0.55 lobods | T
T=2.0 0057 °CF B
0.6 g 01
0.5¢
-0.15 —
_______ 4 L L L
LT TUTIme o N 02074 6 s
~0.45) 505 s mﬁ:,zf:_ZT:TL ______
DE GE W T
o h=0.6 — h=0.6
A h=1.0 — h=1.0
0.4r 04r o h=40 - h=4.0
+ h=6.0 =-- h=6.0
o [nitial
0.35 05 1 4 3 0 /4 n/iz 3n2 T

Ratio of the smaller and the larger of two consecutive energy gaps

we compute r = ((rd),) 4.

. B
rp = min[d,, 1,0,

]/max[éf—lv 6E]v

where 6 =FE, ., -E,

Continuous disorder: h. = 3.5 [A. Pal and D. A. Huse, PRB 82, 174411 (2010).]
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Scaling of the differences and errors
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Conclusions

@ NLCEs provide a general framework to study the diagonal en-
semble in lattice systems after a quantum quench in the thermo-
dynamic limit.

@ NLCE results suggest that few-body observables thermalize in
nonintegrable systems while they do not thermalize in integrable
systems. Time scale for thermalization as one approaches the
integrable point.

@ The GGE based on known local conserved quantities does not
describe observables after relaxation, while the QA does, as sug-
gested by the NLCE results. New things to be learned about in-
tegrable systems.

@ Quantum quenches and NLCEs can be used to study the transi-
tion between delocalization and many-body localization. Arbitrary
dimensions.
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